South Fast Asian J. of Mathematics and Mathematical Sciences
Vol. 22, No. 1 (2026), pp. 249-270

DOI: 10.56827/SEAJMMS.2026.2201.17 ISSN (Online): 2582-0850
ISSN (Print): 0972-7752

GENERALIZATIONS OF WEAKER FORMS OF OPEN MAPS IN
FERMATEAN FUZZY TOPOLOGICAL SPACES AND THEIR
APPLICATIONS

D. Sobana, P. Premalatha*, A. Swaminathan**, A. Vadivel***

Department of Mathematics,
Kandaswamy Kandar’s College,
P-velur, Tamil Nadu - 638182, INDIA

E-mail : slmsobana@gmail.com

*Department of Mathematics,
Chettinad College of Engineering and Technology,
Karur, Tamil Nadu, INDIA

E-mail : premalathagukesh@gmail.com

**Department of Mathematics,
Annamalai University,
Annamalai Nagar - 608002, Tamil Nadu, INDIA

E-mail : asnathanway@gmail.com

***PG and Research Department of Mathematics,
Arignar Anna Govt. Arts College,
Namakkal - 637002, Tamil Nadu, INDIA

E-mail : avmaths@gmail.com

(Received: Nov. 19, 2025 Accepted: Mar. 29, 2026 Published: Apr. 30, 2026)

Abstract: In this paper, we study Fermatean fuzzy Z-open and Fermatean fuzzy
Z-closed functions within the framework of Fermatean fuzzy topological spaces. We
investigate several significant properties of these functions and examine their rela-
tionships. In addition, we present a real-life decision-making application based on
an entropy measure for Fermatean fuzzy sets, illustrating their practical usefulness
in real-world situations.
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1. Introduction

Fuzzy sets were introduced by Zadeh [30] in 1965. The concept of fuzzy sets
laid the foundation for the mathematical representation of vague and imprecise
phenomena that occur in the real world. Since then, this notion has given rise to
several new branches of mathematics and has found valuable applications in areas
such as statistics, data processing, and linguistics. A large body of research has
been devoted to fuzzy sets and their applications ever since their introduction.

In 1968, Chang [6] extended fuzzy set theory to topological spaces by general-
izing fundamental topological concepts such as open sets, closed sets, continuity,
and compactness to the framework of fuzzy topological spaces. Later, Atanassov
[1] introduced intuitionistic fuzzy sets, and many further contributions were made
by him and his collaborators [2, 5]. Coker [7] studied intuitionistic fuzzy topo-
logical spaces, while Yager 28] introduced a non-standard fuzzy set known as the
Pythagorean fuzzy set. The study of Pythagorean fuzzy topological spaces was
subsequently developed by Olgun et al. [13]. In related aggregation-based fuzzy
decision frameworks, Rawat et al. [18] developed Archimedean ¢-norm based ¢-
rung orthopair fuzzy Hamy mean operators together with ordinal priority weights,
showing how algebraic structure and weighting mechanisms can be combined in
multi-criteria decision-making. Similarly, Musbah and Badi [10] proposed an LLM-
assisted virtual expert weight elicitation framework based on Z-numbers, illustrat-
ing a modern computational approach for handling subjective weights in uncertain
decision environments.

In 2020, Senapati and Yager [17] proposed Fermatean fuzzy sets, which are
capable of handling uncertain information more effectively in decision-making pro-
cesses. These sets extend classical fuzzy sets by incorporating an additional pa-
rameter that increases their flexibility in representing uncertainty. Fermatean fuzzy
sets are therefore well suited to more complex decision-making situations, and the
basic operations on Fermatean fuzzy sets were defined in their work.

Hariwan Z. Ibrahim also introduced the concept of Fermatean fuzzy topological
spaces and investigated the continuity of functions between such spaces. In this
paper, we develop the notions of stronger and weaker forms of Fermatean fuzzy
open sets in Fermatean fuzzy topological spaces and examine some of their basic
properties through examples.

Research Gap. Despite extensive research on fuzzy sets and their generalizations,
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no substantial investigation has been carried out on the stronger and weaker forms
of Fermatean fuzzy open maps. In particular, there is a lack of study on Fermatean
fuzzy d-open maps, Fermatean fuzzy d-semi open maps, Fermatean fuzzy pre-open
maps, Fermatean fuzzy Z-open maps, strongly Fermatean fuzzy Z-open maps, and
perfectly Fermatean fuzzy Z-open maps in Fermatean fuzzy topological spaces.
This reveals an important gap in the current literature.

The main objective of this paper is to address this gap by studying Fermatean
fuzzy Z-open and Fermatean fuzzy Z-closed functions in Fermatean fuzzy topolog-
ical spaces. We also introduce an entropy measure for Fermatean fuzzy sets and
present an example to demonstrate its application in a real-life decision-making
problem.

The proposed method has the advantage of providing a simple and effective way
to measure fuzziness in Fermatean fuzzy sets, while also capturing the relationship
between membership and non-membership information. This makes it suitable
for practical decision-making problems, as illustrated by the application example.
Another advantage is that the method is easy to compute and can help compare
alternatives under uncertain and imprecise information.

At the same time, the method has some limitations. Its effectiveness depends
on the quality and reliability of the subjective evaluations provided by decision-
makers, and it may be less informative in highly complex real-world situations
where additional criteria or interactions among parameters must be considered.
Also, since the method is developed within the framework of Fermatean fuzzy sets,
its direct applicability is limited to problems that can be modeled in this setting.

2. Preliminaries
We recall some basic notions of fuzzy sets, IF'S’s and pfs’s.

Definition 2.1. [30] Let X be a nonempty set. A fuzzy set A in X is characterized
by a membership function ps : X — [0,1]. That is:

if reX
if x¢X

L,
pa(z) = 0,
(0,1) if x is partly in X.

Alternatively, a fuzzy set A in X is an object having the form A = {<
z,pa(z) > |r e X}or A= {<”AT(I)> |z € X}, where the function pa(z) : X —
[0, 1] defines the degree of membership of the element, = € X.

The closer the membership value p4(z) to 1, the more = belongs to A, where
the grades 1 and 0 represent full membership and full nonmembership. Fuzzy
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set is a collection of objects with graded membership, that is, having degree of
membership. Fuzzy set is an extension of the classical notion of set. In classical set
theory, the membership of elements in a set is assessed in a binary terms according
to a bivalent condition; an element either belongs or does not belong to the set.
Classical bivalent sets are in fuzzy set theory called crisp sets. Fuzzy sets are
generalized classical sets, since the indicator function of classical sets is special
cases of the membership functions of fuzzy sets, if the latter only take values 0 or
1. Fuzzy sets theory permits the gradual assessment of the membership of element
in a set; this is described with the aid of a membership function valued in the real
unit interval [0, 1].

Let us consider two examples:
(i) all employees of XY Z who are over 1.8m in height;
(i) all employees of XY Z who are tall. The first example is a classical set with
a universe (all XY Z employees) and a membership rule that divides the universe
into members (those over 1.8m) and nonmembers. The second example is a fuzzy
set, because some employees are definitely in the set and some are definitely not in
the set, but some are borderline.

This distinction between the ins, the outs, and the borderline is made more
exact by the membership function, p. If we return to our second example and let
A represent the fuzzy set of all tall employees and x represent a member of the
universe X (i.e. all employees), then p4(z) would be pa(x) = 1 if = is definitely
tall or pa(z) = 0 if  is definitely not tall or 0 < pa(x) < 1 for borderline cases.

Definition 2.2. [1] The intuitionistic fuzzy sets are defined on a non-empty sets X
as objects having the form I = {{x, u;(x), \;(x)) : © € X}, where u;(x) : X — [0, 1]
and M\i(z) : X — [0,1] denote the degree of membership and the degree of non-
membership of each element x € X to the set I, respectively, and 0 < ur(zr) +
Ar(z) <1, forallz € X.

Definition 2.3. [1, 2, 3, 4] Let a nonempty set X be fized. An [F'S A in X is an
object having the form.:

A={<z,pas(z), \alz) > |z € X} or A= {<M> EXS X}, where the
functions pa(x) : X — [0,1] and Aa(x) : X — [0, 1] define the degree of membership
and the degree of nonmembership, respectively, of the element x € X to A, which
is a subset of X, and for every x € X : 0 < pa(x) + Aa(x) < 1. For each A in X:
ma(z) = 1—pa(z) — Aa(zx) is the intuitionistic fuzzy set index or hesitation margin
of x in X. The hesitation margin wa(x) is the degree of nondeterminacy of x € X

to the set A and wa(x) € [0,1]. The hesitation margin is the function that expresses
lack of knowledge of whether v € X orx ¢ X. Thus: pa(x) + Aa(x) + ma(z) = 1.
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Example 2.1. Let X = {x,y, z} be a fixed universe of discourse and
A= {<0‘69’EO‘1> , <0‘8’0‘1> , <0‘5;0‘3>} , be the intuitionistic fuzzy set in X. The hes-

y
itation margins of the elements z,y, z to A are as follows: m4(z) = 0.3, ma(y) = 0.1

and m4(z) = 0.2.

Definition 2.4. [27, 28, 29] Let X be a universal set. Then, a Pythagorean
fuzzy set A, which is a set of ordered pairs over X, is defined by the following:

A={<z,pa(x), a(x)|lr € X} or A= {<M> RS X}, where the func-

tions pa(z) : X — [0,1] and Aa(x) : X — [0,1] define the degree of membership
and the degree of nonmembership, respectively, of the element x € X to A, which
is a subset of X, and for every xv € X, 0 < (pa(z))® + (Aa(z))* < 1. Suppos-
ing (na(x))* + (Ma(x))? < 1, then there is a degree of indeterminacy of v € X
to A defined by ma(z) = /1 — [(1a(2))? + (Aa(2))?] and 7a(z) € [0,1]. In what
follows, (pa(z))? + (Aa(x))? + (wa(x))* = 1. Otherwise, ma(x) = 0 whenever
(na(x))? + (Ma(z))? = 1. We denote the set of all PFS’s over X by pfs(X).

Definition 2.5. [17] Let X be a universe of discourse. A Fermatean fuzzy set
(§Fs) F in X is an object having the form F = {< z,up(z), Ap(x) > 2 € X}
where pp(x) : X — [0,1] and Ap(x) : X — [0,1], including the condition 0 <
(ur(2))® + (Ar(z))® < 1, for all x € X. The numbers pp(x) and Ap(z) denote,
respectively, the degree of membership and the degree of non-membership of the ele-
ment x in the set F. For any §Fs F andx € X, mp(z) = /1 — [(ur(z))® — Ar(2))3]
1s identified as the degree of interminancy of x to F. In the interest of simplicity,
we shall mention the symbol F = (g, Ap) for the §Fs F = {< z, pp(z), Ap(z) :
r e X}.

Definition 2.6. [17] Let F' = (up, A\r), Fi = (up,, A\r,) and Fs = (g, Ary), be
three Fermatean fuzzy sets (§Fs’s), then their operations are defined as follows:

(i) FiNFk, = (min{MFwﬂl*E}v max{)‘Flv )‘Fz})
(ii) FLUF, = (mam{:uFu :uF2}7 min{)‘Fu )‘Fz})

Remark 2.1. [f,upl = Up, and >\F1 = /\F27 then F1 = FQ.

Definition 2.7. [9] Let X be a non empty set and T be a family of Fermatean
fuzzy subsets of X. If

(Z) 1F70F cT
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(i1) for any Fy, Fy € 7, we have F1 N Fy € T,

(iii) for any {Fi}ticr C 7, we have \J;c; Fi € T where I is an arbitrary index set
then T is called a Fermatean fuzzy topology on X.
The pair (X, 1) is said to be a Fermatean fuzzy topological space. Each mem-
ber of T is called an Fermatean fuzzy open set. The complement of an Fer-
matean fuzzy open set is called a Fermatean fuzzy closed set.

Remark 2.2. [9] As any Intuitionistic fuzzy subset or Pythagorean fuzzy subset of
a set can be considered as Fermatean fuzzy subset, we observe that any Intuitionstic
fuzzy topological space or Pythagorean fuzzy topological space is a Fermatean fuzzy
topological space as well. On the other hand, it is obvious that a Fermatean fuzzy
topological space need not be Intuitionistic fuzzy topological space and Pythagorean
fuzzy topological space. Fven an Fermatean fuzzy open set maybe neither an Intu-
ittonistic fuzzy set nor Pythagorean fuzzy set.

Example 2.2. [9] Let X = {¢;,c2}. Consider the following family Fermatean
fuzzy subsets 7 = {1p,0p, F}, F2} where

Fy = {{c1, pr, (1) = 0.4, A5, (c1) = 0.6), (co, ir, (c2) = 0.1, Ap, (c2) = 0.3)}
and F2 = {<617/~’LF2(01> = O.9,)\F2(C1) = 0.6>,<02,/,LF2(02) = 0.2,AF2<02> = 03>}
Observe that (X, 7) is a Fermatean fuzzy topological space but (X, 7) is neither
Intuitionistic fuzzy topological space nor Pythagorean fuzzy topological space.

Definition 2.8. [9] Let (X, 7) be an FFts and A = {< a,pa(a), \a(a) > |a € X}
be an §Fs in X. Then the Fermatean fuzzy interior and the Fermatean fuzzy closure
of A are denoted by FFint(A) and FFcl(A) and are defined as follows: FFint(A) =
U{G|G is a §Fos and G C A} and §Fcl(A) = {K|K is a §Fcs and A C K}.
Also, it can be established that FFcl(A) is an §Fcs and FFint(A) is an FFos, A is
an §Fcs if and only if §Fcl(A) = A and A is an §Fos if and only if §Fint(A) = A.
We say that A is §F-dense if FFcl(A) = 15.

Lemma 2.1. [9] For any Fermatean fuzzy set A in (X, T), we have 13—FFint(A) =
§Fcl(ly — A) and 1z — FFcl(A) = FFint(lz — A).

Definition 2.9. [24] Let (X, 7) be an §Fts and A be an FFs. Then A is said to be
an Fermatean fuzzy (i) regular open set (§Fros in short) if A = FFint(FFcl(A)).
(ii) regular closed set (§Frcs in short) if A= FFcl(FFint(A)). By Lemma 2.1, it
follows that A is an FFros iff A is an FFrcs.

Definition 2.10. [24] Let (X, 7) be a §Fts. Let S be a §Fs of X. Then Fermatean

(1) fuzzy 0 interior of S (briefly, FFoint(S)) is defined by FFoint(S) = U{I :
ICS &I isagFro setin X}.
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(1) fuzzy 6 closure of S (briefly, §Fdcl(S)) is defined by FFocl(S) =N{A: S C
A& AisaFFre setin X}

Definition 2.11. [24] Let (X,7) be a §Fts. Then a §Fs S in X is said to be
Fermatean

(1) fuzzy §-open (briefly, FFoo) set if S = FFoint(S).
(1) fuzzy da-open (briefly, §Fdao) set if S C FFint(FFcl (§Fdint (S))).
(111) fuzzy 6-semi open (briefly, FF6So) set if S C FFcl(FFyint(S)).

The complement of an FFdo (resp. FFoao & FFISo) set is called a Fermatean
fuzzy ¢ (resp. Fermatean fuzzy da & Fermatean fuzzy d-semi) closed (briefly, FFdc
(resp. §Foac & §F6Sc)) in X.

Definition 2.12. [24] Let (X, 7) be a §Fts. Let S be a §Fs of X. Then Fermatean
fuzzy

(1) 0 semi interior of S (briefly, FFISint(S)) is defined by FFOSint(S) = U{I :
ICS&IisaFFoSo setin X}.

(i1) & semi closure of S (briefly, FFoScl(S)) is defined by FFIScl(S) = N{A :
SCA& AisagFoSc setin X}.

Definition 2.13. [21, 22, 24] A function hg : (X1,71) — (Xa,72) is said to be
Fermatean fuzzy

(1) continuous (briefly, §FCts), if for each FFo set M of Xs, the set hgl(M) is
§Fo set of X;.

(ii) & continuous (briefly, FFSCts), if for each FFo set M of Xy, the set hy' (M)
is §F oo set of X.

(111) 6 semi continuous (briefly, FFOSCts), if for each FFo set M of Xo, the set
hs' (M) is FF6So set of X;.

3. Fermatean fuzzy Z (resp. J, 0S and pre)-open and closed maps

In this section, we introduce Fermatean fuzzy (resp. ¢, dS, P and Z) open
maps and Fermatean fuzzy (resp. 0, dS, P and Z) closed maps in §Fts and obtain
certain characterizations of these classes of maps.

Definition 3.1. Let (X, 7) be a §Fts. Then a §Fs S in X is said to be Fermatean
fuzzy pre open (briefly, FFPo) set if S C FFint(FFcl(S)).
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The complement of an FFdoo (resp. FFoao, FFISo & FFPo) set is called
a Fermatean fuzzy 0 (resp. Fermatean fuzzy da, Fermatean fuzzy d-semi & Fer-

matean fuzzy pre) closed (briefly, §Fdc (resp. §Foac, FFISc & FFPc)) in X.

Definition 3.2. Let (X,7) be a §Fts. Let S be a §Fs of X. Then Fermatean
fuzzy

(i) pre interior of S (briefly, §FPint(S)) is defined by FFPint(S) =U{l : I C
S & Iisa§FPo setin X}.

(i1) pre closure of S (briefly, FFPcl(S)) is defined by FFPcl(S) = N{A: S C
A& Ais aFFPc setin X}.

Definition 3.3. Let (X,7) be a §Fts. Then a §Fs S in X is said to be a

Fermatean fuzzy
(1) Z-open (briefly, §FZo) set if S C FFcl(FFoint(S)) NFFint(FFcl(S)),
(i1) Z-closed (briefly, §F Zc) set if FFint(FFocl(S)) NFFcl(FFint(S)) C S.

The family of all §FZo (resp. §FZc) sets of a space (X, 7) will be as always
denoted by §FZO(X) (resp. §FZC(X)).

Definition 3.4. Let (X, 7) be a §Fts. Let K be a §Fs of X, then the Fermatean

(i) fuzzy Z-interior of K is the union of all §FZo sets contained in K and
denoted by §F Zint(K).

(ii) fuzzy Z-closure of K is the intersection of all FF Zc sets containing K and
denoted by §FZcl(K).

Theorem 3.1. Let K be a Fermatean fuzzy subset of a space (X, T) Then
(1) K is a §FZo set iff K = FF Zint(K),
(i1) K is a §FZc set iff K = §FZcl(K).
Definition 3.5. A function hg : (X1,71) — (X2, 2) is said to be Fermatean fuzzy

(i) pre continuous (briefly, FFPCts), if for each FFo set M of Xo, the set
hs' (M) is FFPo set of X;.

(ii) Z continuous (briefly, FZCts), if for each FFo set M of X,, the set hy' (M)
1s §FZo set of X;.
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Lemma 3.1. Let hy : (X1,71) — (Xa,72) be a function. Then the following
statements hold.

(1) If A and B are Fermatean fuzzy subsets of X such that A C B, then hz(A) C
hz(B).

(1) }Tlf_jil(g)ad B are Fermatean fuzzy subsets of Xo such that A C B, then hs_,l(A) C
5 :

Lemma 3.2. Let hg : (X1, 71) = (X2, 72) be a function. If A is a Fermatean fuzzy
subset of X1 and B is a Fermatean fuzzy subset of Xo. Then

(i) hs(hg'(A)) C
(ii) hs(hs'(A)) = A& hg is surjective.
(iti) hg'(hg(A)) 2
(iv) h3'(hg(A)) = A whenever hg is injective.

Theorem 3.2. A function hz : (X1,71) = (Xo,7) is SFZCts iff the inverse
image of every §Fc set in Xy is FFZc in X;.

Definition 3.6. Let (X, 71) and (Xa, ) be two §Fts. A function hg : (X1,71) —
(X, T2) is said to be Fermatean fuzzy (resp. 9§, 0S, P and Z) open map (briefly,
SFO (resp. FF6O, FFOSO, FFPO and §FZO)) if the image of each FFo set in
X is §Fo (resp. FFdo, FF6So, FFPo and FF Zo)-set in Xs.

Definition 3.7. Let (X, ) and (Xa, 72) be two FFts. A function hg : (X1,7) —
(X, 7o) is said to be Fermatean fuzzy (resp. §, 6S, P and Z) closed map (briefly,
SFC (resp. FFOC, FFOSC, FFPC and FFZC')) if the image of each FFc set in
Xy is §Fc (resp. FFdc, FFISc, §FPc and FF Zc)-set in Xj.

Theorem 3.3. Let hy : (X1,71) = (Xa,72) be a mapping. Then every
(i) §F80 is FFO.

(i) FFO is FFPO.

(iii) FFO is FFOSO.

(iv) FFOSO is FFZO.
(v) FPO is FFZO.
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Proof. (i) Let hg : (X1,7) — (X2, 72) be FF00 and L is a FFo set in X;. Then
hz(L) is §Fdo set in Xo. Since every §Fdos is FFos, hz(L) is FFo set in Xo.
Therefore hg is §FO.

(ii) Let hg : (X1,71) — (X2, 72) be FFO and L is a FFo set in X;. Then hz(L) is
§Fo set in Xy. Since every §Fos is FFPos, hz(L) is §FPo set in X,. Therefore
hgz is §FPO.

(iii) Let hg : (X1,71) — (X2, 72) be FFOO and L is a FFo set in X;. Then hz(L)
is §F0o set in Xy, Since every FFdos is FFISos, hz(L) is FFISo set in Xs.
Therefore hg is FFISO.

(iv) Let hg : (X1,71) — (X2, 72) be FFOSO and L is a FFo set in X;. Then hz(L)
is §FdSo set in X,. Since every FFoSos is FFZos, hz(L) is FFZo set in Xs.
Therefore hg is §FZO.

(iv) Let hg : (X1,71) — (X2,7) be FFPO and L is a §Fo set in X;. Then
hz(L) is §FPo set in Xy. Since every FFPos is §F Zos, hz(L) is FF Zo set in Xo.
Therefore hg is §FZO0.

The converse of the Theorem 3.3 need not be true.

Example 3.1. Let X; = X5 = X = {a,b} and the FFs’s A; and Ay are defined
as
KA, (CL

uAl(b) =0. 6 )\A1<b) = 0.3;

faz(a) = 0.9, Aa,(a) =0.2,

KAy (b> = 0. 6 >‘A2 <b> - 037

Let 7y =19 =7 = {0z, 15, A1, A3} beaFFtson X and let hg : (X1, 71) — (Xa, T2)
be an identity function, Then hz is §FO but not §F00. Since, A, is a FFo set in
X but hz(Ay) = Ay is not FFdo set in Xs.

Example 3.2. Let X; = Xy = X = {a,b} and the §Fs’s Ay, Ay and Aj are
defined as

KA, (CL) =02, >\A1 (a) = 0.8,
pa, (b) = 0.3, A, (b) =0.7;
pa,(a) =0.1, Aa,(a) =0.9,
,qu(b) = 01, )\Ag(b) =0 9;
,uAgéa) = 0.2, )\A3(a) = 0.8,

Let TH =T =T = {Og, 13, Al, AQ, Ag} be a Sfts on X and let hg : (Xl,Tl) —
(Xa,72) be an identity function, Then hgz is FFISO but not FFIO. Since, A; is a
§Fo set in X; but hz(A;) = A; is not §Fdo set in Xo.
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Example 3.3. Let X; = Xy = X = {a,b} and the §Fs’s A;, Ay, By and By are
defined as

NAl( ) = 0.2, )\A1 ((l) = 0.7,
HA, (b) = 0.1, )\Al (b) = 0.8;
A, (a> - 037 )‘A2 (CI,) = 067
HA, (b) = 0.4, /\A2 (b) = 0.5;
pp, (a) =0.1, Ag,(a) =0.9,
By (b) = 027 )‘B1(b) = 097
KB, (a) = 027 )\BQ (a) = 037
( (

Let 7 = {03, 15, Al, Ay} and 7 = {03, 1z, B1, By} are §Fts’s on X and let
hg : (X2, 7) — (X1, 71) be an identity function, Then hg is FFPO but not FFO.
Since, By is a §Fo set in Xy but hz(By) = By is not §Fo set in Xj.

Example 3.4. Let X; = Xy = X = {a,b} and the FFs’s Ay, Ay, Az, Ay, and Aj
are defined as

Ay (a) 02a )\Al (a) = 087
HA, (b) = 0.4, /\A1 (b) = 0.6;
pa,(a) = 0.1, Aa,(a) =0.9,
HA, (b) = 03, /\A2 (b) = 07,
fas(a) =0.9, Aa,(a) =0.1,
HAs (b) = 0.7, /\A3 (b) = 0.3;
/’I/A4<a) =02, )‘A4 (a) =0.8,

/LA4(b) = 03, )\A4(b) = 0.7. Let T = T = {03, 137 Al, A27 Ag, A4} be S]:ts’s on
X and let hg : (X1,71) — (X2, 7) be an identity function, Then hz is §FZO but
not FFISO. Since, Ay is FFo set in Xy but hz(Ay) = Ay is not FF0So set in Xs.

Example 3.5. Let X1 = X2 =X = {CL7 b} and the S]:s’s Al, AQ, A3, A4, Bl, BQ,
Bs and B, are defined as
pa, (@) =02, Ag,(a) =0.8,

HA, (b) = 0.4, )\Al (b) = 0.6;
ta,(a) =0.1, Aa,(a) =0.9,
HA, (b) = 0.3, /\A2 (b) = 0.7;
fas(a) =09, Aa,(a) =0.1,
HAs (b) = 0.7, )\A3 (b) = 0.3;
pa,(a) =02, Aa,(a) =038,
,LLA4(b) = 03, /\A4(b) =0 7,
KB, (a :
(
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pp,(a) = 0.6, Ag,(a) = 0.4,
,uBz(b) = 06, )\BQ(b) = 04,
,LLB3(CL) = 077 )\Bs(a') = 037
,uBs(b) = 067 )‘Bs(b) = 047
pp,(a) =04, Ag,(a) = 0.6,

,U,B4(b) = 04, )\34(b) = 06,

Let T = {03, 137 Al, AQ, A3, A4} and Ty = {03, 13, Bl, BQ, Bg, B4} are 3.7‘%878
on X and let hg : (Xs2,72) — (X1, 71) be an identity function, Then hz is §FZ0
but not §FPO. Since, By is a FFo set in Xy but hz(By) = By is not FFPo set in
Xl-

Remark 3.1. We obtain the following diagram from the results are discussed
above.

SF0O —— FFISO

|

§FO s FFPO —=FFZO
§F open mappings in §Fts

Note: K — L denotes K implies L, but not conversely.

Theorem 3.4. A function hz : (X1, 71) = (Xo, 1) is SFZC (resp. FFC, FFIC,
SFISC and FFPC) mapping if and only if §FZcl(hz(A)) C hz(§Fcl(A)) (resp.
SFcl(hz(A)) C hz(§Fcl(A)), §Ficl(hz(A)) C hz(§Fcl(A)), FFIScl(hz(A)) C
hg(FFcl(A)) and FFPcl(hz(A)) C hzg(FFcl(A))) for every Fermatean fuzzy set A
Of Xl.

Proof. Suppose hz : (X1,71) = (X2, 7) is a §FZC function and A is any §Fs in
Xj. Then FFcl(A) is a FFc set in X;. Since hg is FFZC, hz(FFcl(A)) is a FF Zc
set in X5. Then by Theorem 3.1 (ii), §F Zcl(hg(§Fcl(A))) = hz(FFcl(A)). There-
fore §F Zcl(hz(A)) C FF Zcl(hg(FFcl(A))) = hz(§Fcl(A)). Hence §F Zcl(hz(A)) C
hg(FFcl (A)).

Conversely, Let A be a §Fc set in X;. Then FFcl(A) = A and so hz(A) =
hg(§Fcl(A)). By our assumption FFZcl(hz(A)) C hz(A). But hz(A) C FFZcl
(hz(A)). Hence §FZcl(hz(A)) = hz(A) and therefore by Theorem 3.1 (ii), hz(A)
is §F Zcs in X,. Thus hg is a §FZC map.

Other cases are similar.

Theorem 3.5. A map hz : (X1,71) = (Xo, ) is FFZC (resp. FFC, FFIC,
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SFISC and FFPC) mapping if and only if for each Fermatean fuzzy set S of Xo
and for each §Fo set U of X| containing hgl(S) there exists a §F Zo (resp. FFo,
§Foo, FFISo and FFPo) set V of Xs such that S CV and hgl(V) cU.

Proof. Suppose hz is a §FZC map. Let S be any Fermatean fuzzy set in X, and
U be a §FZo set of X such that hs'(S) C U. Then V = (hz(U°))" is FF Zo set
containing S such that hgl(V) C U. Conversely, Let S be a §Fc set of X;. Then
hgl((hg(S))c) C S¢and S°¢ is §Fos in Xj.

By assumption, there exists a §F Zo set V' of X5 such that (hz(S5))¢ C V and
hgl(V) C S¢and so S C (hgl(V))c. Hence V¢ C hz(S) C hg((hgl(V))C) c Ve,
which implies hz(S) = V¢. Since V¢ is §F Zcs, hz(S) is §F Zcs and hg is FFZC
map.

Other cases are similar.

Remark 3.2. The composition of two FFZO (resp. FFO, FFIO, FFISO and
SFPO) maps need not be a FFZO (resp. FFO, FFO6O, FFISO and FFPO)
map, which is shown in the following example.

Example 3.6. Let X; = Xy = X3 = X = {a,b} and the §Fs’s Ay, Ay, By, By
and C] are defined as

(
Ay (b) = Ola )\Al (b) = 087
fa,(a) = 0.3, Aa,(a) = 0.6,
,LLAZ(Z)) = 0.4, /\AQ(b) = 0.5;
HB, (a) =0 1, /\B1 (CL) 0 9,
HBl(b) =0 2, /\Bl(b) =0 9,
g, (a) = 0.2, Ag,(a) = 0.3,
/LBQ(b) =0 4, )\Bg(b) =0 7,
te, (@) = 0.3, Ao, (a) = 0.2,

(

Let ™ = {Og, 13, Al, AQ}, Ty = {03, 137 Bl, BQ} and T3 = {Og, 15, Ol} are
§Fts’s on X and

let hg @ (X35, 73) — (X2, 72) and gz : (X2, 72) — (X1, 71) be an identity function,
Then hz and gz are §FZO but (gz o hz) is not FFZO. Since, Cy is a FFo set in
X3 but (g5 o hz)(Cy) = C is not FFZo set in X;.

Theorem 3.6. Let hy : (X1,71) = (X2, 72) be a FC map and gz : (X2, 72) —
(X3,73) be a FFZC (resp. FFC, FFC, FFOSC and FFPC) map. Then their
composition gz o hg : (X1,71) — (X3,73) is SFZC (resp. FFC, FFIC, FFOSC
and FFPC).

Proof. Let F' be a §Fc set in X;. Since hg is FFC, hz(F) is §Fcs in X,. Since



262 South FEast Asian J. of Mathematics and Mathematical Sciences

g5 is SFZC (resp. §FC, FFC, FFSC and FFPC), gg(hs(F)) = (g50hs)(F) is
SFZc (resp. §Fc, §Foc, FF6Sc and FFPc)-set in X3. Hence gz o hg is a FZC
(resp. §FC, FFoC, FFISC and FFPC) map.

Theorem 3.7. Let hg : (X1,71) — (X2, 72) and g5 : (X2, 72) — (X3,73) be two
mappings such that their composition gz o hg : (X1, 1) — (X3,73) is SFZC (resp.
SFC, §FoC, FFOSC and FFPC) map. Then the followings are true.

(i) If hg is §FCts and surjective, then gz is §FZC (resp. FFC, FFoC, FFISC
and FFPC) map.

(11) If g5 is SFZIrr (resp. FFIrr, Folrr, §FoSIrr and FFPIrr) and injec-
tive, then hg is §FZC (resp. FFC, FFIC, FFISC and FFPC) map.

Proof. (i) Let A be a FFc set of Xy. Since hz is FFCts map, hgl(A) is §Fc
in X;. Since gz o hz is FZC (resp. §FC, FFIC, FFISC and FFPC) map,
(g5 © hg)(h3'(A)) is FF Zc (resp. FFec, FFoc, FF6Sc and FFPc) set in Z. Since
hg is surjective, gz(A) is FF Zc (resp. FFec, FFoc, FF0Sc and FFPc) set in Xs.
Hence gz is §FZC (resp. FFC, FFOC, FFOSC and FFPC) map.

(ii) Let B be any §Fc set of X;. Since gzohg is FFZC (resp. FFC, FFoC, FFOSC
and FFPC) map, (g3 o hz)(B) is §FZc (resp. FFc, §Foc, FFISc and FFPc)-
set in X3. Since gz is §FZIrr (vesp. §FIrr, FFolrr, FFoSIrr and FFPIrr),
ggl(gg o hz(B)) is §F Zc (resp. §Fc, FFoc, §FISc and FFPc)-set in X,. Since
gz is injective, hz(B) is §F Zc (resp. §Fc, FFoc, §FOSc and FFPc)-set in Xs.
Hence hg is §FZC (resp. FFC, FFOC, FFISC and FFPC) map.

Theorem 3.8. Let hg : (X1,71) — (X2, ) be SFZC (resp. FFC, FFOC, FFISC
and FFPC) map.

(i) If A is FFc set of X1, then the restriction hg, : (X1,,71,) — (Xa,72) is
SFZC (resp. FFC, FFOC, FFISC and FFPC) map.

(ii) If A = hgl(B) for some §Fc set B of X, then the restriction hg, : (X1,,71,) —
(Xo, 1) 1s FFZC (resp. FFC, FFoC, FFOISC and FFPC') map.

Proof. (i) Let B be any §Fc set of A. Then B = AN L for some §Fc set L of X;
and so B is §Fcs in X;. By hypothesis, hz(B) is §F Zc (resp. §Fc, FFdc, FFOSc
and FFPc)-set in Xy. But hz(B) = hg,(B), therefore hg, is a FFZC (resp. FFC,
SFoC, FFOSC and FFPC) map.

(ii) Let D be a §Fc set of A. Then D = AN H, for some FFc set H in X;.
Now, hg, (D) = hg(D) = hg(AN H) = hg(hs'(B) N H) = BN hz(H). Since hg
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is §FZC (resp. FFC, FFOC, FFISC and FFPC), hz(H) is FF Zc (resp. FFc,
§Fdc, FFO6Sc and FFPc)-set in Xy. Hence hg, is a FFZC (resp. §FC, FFC,
§FOSC and FFPC) map.

Theorem 3.9. A function hy : (X1,71) — (X, 7)) is SFZO (resp. FFO,
§FIO, FFOSO and FFPO) map if and only if hz(FFint(A)) C FF Zint(hz(A))
(resp. hg(3Fint(A)) C §Fint(hs(A)), hs(FFint(A)) C 3Foint(hs(A)), hs(3F
int(A)) C §FoSint(hz(A)) and hz(FFint(A)) C FFPint(hz(A))), for every Fer-
matean fuzzy set A of X;.

Proof. Suppose hg : (X1,71) — (X2, 72) is a FFZO function and A is §Fs in
Xi. Then §Fint(A) is a FFo set in X;. Since hg is FFZO, hz(FFint(A)) is
a §FZo set. Since FFZint(hz(FFint(A))) C FFZint(hz(A)), hz(§Fint(A)) C
SFZint(hz(A)).

Conversely, hz(§Fint(A)) C FFZint(hz(A)) for every Fermatean fuzzy set A
in X;. Let U be a §Fo set in X;. Then §Fint(U) = U and by hypothesis,
hz(U) C §FZint(hz(U)). But §FZint(hz(U)) C hz(U). Therefore, hz(U) =
§FZint(hz(U)). Then by Theorem 3.1 (i), hz(U) is §F Zos. Hence hz is a §FZO
map.

Other cases are similar.

Definition 3.8. A Fermatean fuzzy set A in a FFts (X, 1) is called a Fermatean
fuzzy (6, 6S, P and Z) q-neighborhood of a Fermatean fuzzy point x, if there
exists a §Fo (resp. FFdo, FF0So, §FPo and FFZo) set V in (X, T) such that
x.qV C A.

Definition 3.9. Let A and B be any two FFs’s of a §Fts’s. Then A is Fermatean
fuzzy (6, 6S, P and Z) q-neighbourhood (briefly, FFq-nbhd (resp. FFoq-nbhd,
§FISq-nbhd, FFPq-nbhd and FFZq-nbhd)) with B if there exists a §Fo (resp.
§Fdo, §Fo0So, FFPo and FFZo) set O with AqO C B.

Theorem 3.10. Let hz : (X1,71) — (Xo,72) be a mapping. Then the following
statements are equivalent.

(1) hz is a FFZO (resp. FFO, FFO0O, FFISO and FFPO) mapping,

(i) For a subset A of X1, hz(FFint(A)) C FFZint(hz(A)) (resp. hz(FFint
(A)) € SFint(hs(A)), hg(FF int(A)) € SFdint(hs(A)), hg(FFint(A)) C
§F6Sint(hz(A)) and hz(§Fint(A)) C FFPint(hz(A)).

(i1i) For each x, € X and for each FFq-nbhd U of x, in X, there exists A
SFZq-nbhd (resp. FFq-nbhd, FFdq-nbhd, FF0Sq-nbhd and FFPq-nbhd)
W of hz(za) in Xy such that W C hz(U).
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Proof. (i) = (ii): Suppose hz : (Xi,71) — (X2, 7) is a FFZO function and
A C X;. Then §Fint(A)is a §Foset in X;. Since hg is §FZO map, hz(FFint(A))
is a §F Zo set. Since §FZint(hg(FFint(A))) C FF Zint(hz(A)), hz(§Fint(A)) C
§F Zint(hz(A)). This proves (ii).

(ii) = (iii): Let x, € X; and U be any arbitrary §Fg¢-nbhd of z, in X;. Then
there exists a §Fo set G such that x, € G C U. By (ii), h5(G) = hz(FFint(G)) C
SFZint(hz(G)). But, §FZint(hz(G)) C hz(G). Therefore, §F Zint(hz(G)) =
hz(G) and hence hz(G) is §FZo in X,. Since z, € G C U, hz(z,) € hz(G) C
hz(U) and so (iii) holds, by taking W = hz(G).

(iii) = (i): Let U be any §Fo set in X;. Let z, € U and hz(z,) = ys. Then for
each z, € U, yg € hz(U), by assumption there exists a §FqZ-nbhd W (yg) of yg
in X, such that W(yz) C hg(U). Since W(yg) is a FFqZ-nbhd of yg, there exists
a §FZo set V(yp) in Xy such that yg € V(ys) € W(ys). Therefore, hz(U) =
U{V (yp)lys € hz(U)}. Since the union of FFZo sets is FF Zo, hz(U) is a FFZo
set in Xo. Thus, hz is a §FZ0 map.

Other cases are similar.

Theorem 3.11. For any bijective map hy : (X1,71) — (X2,72) the following
statements are equivalent:

(i) hgl 2 (Xo, 1) — (X4, 1) is FFZCts (resp. FFCts, FFICts, FFOSCts and
SFPCts).

(i1) hg is SFZO (resp. FFO, FF00O, FFISO and FFPO) map.
(i1i) hg is SFZC (resp. FFC, FFIC, FFOSC and FFPC) map.

Proof. (i) — (ii): Let U be a §Fo set in X;. By assumption, (hgl)*l(U) = hz(U)
is §FZo (resp. §Fo, FFdo, FF6So and FFPo)-set in Xy and so hz is FFZO
(resp. FFO, FF00, FFISO and FFPO) map.

(ii) — (iii): Let F' be a §Fc set of X;. Then F¢is a §Fo set in X;. By assumption
hg(F°) is §F Zo (resp. §Fo, §Fdo, FF0So and FFPo) set in Xy. But hz(F°) =
(hz(F))¢. Therefore hg(F') is §F Zc (resp. FFc, FFoc, FFOSc and FFPc) set in
Xs. Hence, hg is §FZC (resp. FFC, FFIC, FFISC and FFPC) map.

(iii) = (i): Let F be a §F Zc (resp. §Fc, §Fdc, FF0Sc and FFPc) set of X;. By
assumption, hz(F) is §F Zc (resp. FFc, FFoc, FFISc and FFPc) set in X,. But
hg(F) = (hs')7'(F) and therefore by Theorem 3.2, hy' is FFZCts (resp. FFCts,
S§FoCts, §FOSCts and FFPCts).
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4. Application

Entropy as a measure of fuzziness was first proposed by Zadeh [31]. Later many
mathematicians defined several entropy measures. In this section, we focus on
defining an entropy measure for §Fs that connects the degree of membership and
non-membership. As an example, we have applied the proposed entropy measure
in decision making.

Definition 4.1. Let A = {< z,pa(x), Aa(z)|z € X} be a §Fs in X. The new
entropy measure for A denoted by ezrs(A), is a function, ezx, : T37:(X) — [0, 1]
and is defined as ezrs(A) = 1= 23" (na—Aa)?; for every'z; € A, where Tzr,(X)
denote the family of all §Fs’s on X.

Example 4.1. A global automaker group decided to start their production unit
in India. The following factors are considered as the parameters:

e1: Good site characteristics

es: Availability of utilities

es: Lower disaster risk

es: Good business climate

es: Proximity to original equipment makers

After a deep searching process, four places P, P», P3, and P, are shortlisted
to start their production unit. Three decision-makers are selected to take a better
decision. After a careful examination of each of the parameters e;, j =1,2,...,5,
the decision-makers assigned their subjective weights, which are given in Table 1.

Table 1. Reviews Based on the Decision Makers

el e2 e3 ed ed

Pl | < P1,e1;0.32,0.62 > | < P1,e2;0.50,0.49 > | < P1,e3;0.55,0.10 > | < P1,e4;0.60,0.10 > | < P1,eb;0.50,0.02 >

P2 | < P2,e1;0.62,0.25 > | < P2,e2;0.09,0.60 > | < P2,e3;0.22,047 > | < P2,¢4;0.30,0.18 > | < P2,¢e5;0.30,0.18 >

P3 | < P3,¢1;0.32,0.17 > < P3,¢2;0.10,0.3 > < P3,e3;0.88,0.10 > | < P1,e4;0.10,0.42 > | < P1,¢e5;0.10,0.42 >

P4 | < P4,¢1;0.20,0.55 > | < P4,¢e2;0.15,0.25 > | < P4,¢e3;0.02,0.45 > | < P4,¢4;0.42,0.02 > | < P4,eb;0.60,0.08 >

Clearly, all values in the Table 1 are FFs’s. Now we calculate the ezx, of each
Parameters.

Table 2. Entropy measure of each Parameter based on the review of decision
makers.

Table 3. Entropy measure of each Places.

From Table 3, it is clear that

65:]:5<P4) < 63]:5(P2) < 83]:5(P1) < Eg]:s(Pg).
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el e2 el ed eb

P1(0.91 1 0.80 | 0.75 | 0.77
P2 1086 |0.74 | 094 | 0.99 | 0.99
P3 1098 | 0.95 [ 0.39 | 0.90 | 0.90
P4 1088|099 | 0.82 | 0.84 | 0.73

e5rs(Pi)
P1 4.23
P2 4.51
P3 4.11
P4 4.25

Thus, we can rank the places as

e37s(P1) < e5rs(Pa) < e57s(P1) < e57s(Ps).

This implies that Py is the optimal solution. Hence, the automaker group can
choose place P, to start their production unit in India.

5. Conclusion

In this paper, we investigated Fermatean fuzzy Z-open maps and Fermatean
fuzzy Z-closed maps in the setting of Fermatean fuzzy topological spaces. The main
objective of the study was to develop and analyze these new classes of mappings
and to examine their basic properties and relationships. Our results show that
these concepts provide a useful framework for studying the behavior of mappings
in Fermatean fuzzy topological spaces and contribute to the broader development
of Fermatean fuzzy topology.

In addition, we introduced an entropy measure for Fermatean fuzzy sets and
demonstrated its practical usefulness through an illustrative application. The nu-
merical results obtained from the example show that the proposed entropy measure
effectively quantifies uncertainty and can be applied in decision-making problems
involving imprecise information. These findings highlight the significance of the
proposed approach and indicate that it may be useful in other areas of generalized
fuzzy systems as well.

Future research may focus on Fermatean fuzzy Z-homeomorphism functions
and related mapping concepts, which may lead to deeper insights into topological
equivalence in the Fermatean fuzzy setting.
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